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Abstract 

Let 2l„(K) be the Kostant form of il(sZ^) and Y the monoid generated 
by the positive roots of sl n . For each A £ A(n,r) we construct a functor 
F\ from the category of finitely generated F-graded 2l n (K)-modules to the 
category of finite-dimensional S + (n, r)-modules, with the property that 
F\ maps (minimal) projective resolutions of the one-dimensional 2l n (K)- 
module Ka to (minimal) projective resolutions of the simple S + (n,r)- 
module K\. 

Introduction 

The polynomial representations of the general linear group GL„ (C) were stud- 
ied by I. Schur in his doctoral dissertation [16] . In this famous work, Schur 
introduced the, now called, Schur algebras, which are a powerful tool to con- 
nect r-homogeneous polynomial representations of the symmetric group on r 
symbols. 

These results of L Schur were generalised by J. -A. Green to infinite fields 
of arbitrary characteristic in 10J. In Green's work the Schur algebra S(n,r) — 
S^(n, r) plays the central role in the study of polynomial representations of 
GL„(K). 

In [7] Donkin shows that S(n, r) is a quasi-hereditary and so it has finite 
global dimension. This led to the problem of describing explicit projective 
resolution of the Weyl modules for S(n, r). Only partial answers to this problem 
are known. In [I] and [19j such resolutions were constructed for the case when K 
is a field of characteristic zero. If K has arbitrary characteristic then projective 
resolutions of W\ are given in [2] when n — 2 (A arbitrary), and in [13j and [17j 
for hook partitions. 

In [T7] Woodcock provides the tools to reduce the problem of constructing 
these resolutions to the similar problem for the simple modules for the Borel 
subalgebra S + (n,r) of S(n,r). 
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Denote by A(n, r) the set of compositions of r onto n parts. It is proved 
in 15J that all simple S + (n, r)-modules are one-dimensional and parametrised 
by the set A(n,r). We denote the simple module corresponding to A G A(n, r) 
module by K\. In [15] . the first two steps in a minimal projective resolution of 
WL\ and the first three terms of a minimal projective resolution in the case n = 2 
are constructed. In [T5] minimal projective resolutions for K\ for A G A(2,r) 
and non-minimal projective resolutions of Ka for A G A(3,r) are constructed. 
The results of both papers depend on heavy calculations in the algebra S + (n, r). 

In the present paper we take a more abstract approach. 

Let us denote by 2l n (K) the Kostant form over the field K of the universal 
enveloping algebra of the Lie algebra sl^ of upper triangular nilpotent matri- 
ces. Then 2l n (K) has a unique one-dimensional module, which we denote by 
Ka. In this paper we show that the construction of (minimal) projective resolu- 
tions for K\ is essentially equivalent to the construction of (minimal) projective 
resolution for K^. The last task is much more feasible, since an explicit presen- 
tation of 2l„(K) can be given and thus the results of Anick [3] can be applied 
to the description of an explicit projective resolution of Ka- It is also worth 
to note that 2l„(K) is a projective limit of finite dimensional algebras in the 
case char(K) = p > 0, and therefore the technique developed in [5J can be used 
for the construction of the minimal projective resolution of K^- This line of 
research will be followed by us in the subsequent papers. 

The general plan of the present paper is as follows. In Section [1] we collect 
general technical results, which will be used in the following section. We believe 
that these results can be applied in more general context, in particular to the 
generalised and g-Schur algebras. 

Let G be an ordered group with neutral element e. Denote by T C G the 
submonoid of non-negative elements of G. For every T-graded algebra A and 
every T-set S, we construct a family of T-algebras 

{C(X)\X c 5} 

and a family of T-graded algebra homomorphisms 

{<j> Y x : C{Y) C{X)\X G Y G 5} 

such that cf) x o <\>y = tfi x for every triple X C Y G Z of subsets in S. In other 
words, C(— ) is a presheaf of T-graded algebras. 

For every x G S, we construct an exact functor F x from the category 'if (A, T) 
of finitely generated T-graded A- modules to the category '^'(C(S), T). If T acts 
by automorphisms on S, then the functors F x preserve projective modules, and 
thus map projective resolutions into projective resolutions. If A e = IK, then 
the functors F x map minimal projective resolutions into minimal projective 
resolutions. 

For every X C S, we can consider each left C(X)-module as a left C(S)- 
modulc via a homomorphism (j)fr : C(S) — * C(X). Thus we get a natural inclu- 
sion of categories 

(<t> s x y:V(C(x),r)^v(c(s),r). 
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There is a left adjoint functor to ((fix)* 
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where we consider C(X) as a right C(S l )-module via <^-. The main objective 
of Section rOl is to get conditions on X C S, ensuring that for every left C(X)- 
module M and every (minimal) projective resolution P, of ((fix) (M) the com- 
plex (4>x)* (^») i s a (minimal) projective resolution of M = (</>x)„ (<^x) (-^0- 
If the both algebras C(S) and C(X) are artinian and (<^x)« has the above 
mentioned property, then the ideal Ker (0x) ^ s a strong idempotent ideal. The 
algebra C(X) is finite dimensional and thus artinian, if X is finite and A is 
locally finite dimensional. But the algebra C(S) is rarely finite dimensional. To 
cope with this, we take a two stage approach. 

We say that Y C S is T-convex, if from 7 = 7172 and x, -fx <E Y it follows 
that 72X e y. In Proposition 1 1.29( we show that if Y is a convex T-set then the 
functor ((fiy) i s exact and maps (minimal) projective resolutions into (minimal) 
projective resolutions. 

Let Y be a finite T-convex subset of S and X a subset of Y. Suppose that A 
is locally finite dimensional. In Theorem 1 1 . 351 we give a criterion for Ker ((fix) 
to be a strong idempotent ideal. 

In Section [2] we apply the results of Section [1] to S + (n, r). In our particular 
case, the algebra A is the Kostant form 2l„(K), the set S is Z" and V is the 
submonoid of Z™ generated by the elements (0, . . . , 1, —1, . . . , 0). Then we show 
in Theorem 12.201 that C(A(n,r)) = S + (n,r). Here we consider A(n,r) as a 
subset Z" in the natural way. Note that this isomorphism gives a description of 
S + (n, r), which is similar to the idempotent presentation of the algebra S(n, r) 
obtained by Doty and Giaquinto in [S]. 

The set of compositions A(n,r) is contained in the lager finite set A 1 (n, r) 
defined by 



A^n.r) = <^ ( Zl ,z 2 ,...,z n ) e U' 



0<J2z h l<j <r-l;£«i 



»=i 



It turns out, that A 1 (n,r) is a T-convex set (see Proposition ^. 41) and therefore 
the functor (^fi\i( n is exact and preserves (minimal) projective resolutions. 

Moreover, we show in Theorem 12.191 that Ker 6^(1"^) * s a s t ron g idempotent 
ideal. Hence the composite functor 



preserves projective resolutions of C(A(n, r)) = S + (n, r)-modules considered as 
C(Z n )-modules. 

Recall, that denotes the unique one-dimensional module over 2t„(K) and 
F x is the functor from <af(2l n (K), T) to <«f(C(Z n ), T) associated with A e Z n . It 
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follows from the definitions, that 

F x (Ka)e(^ Bir) )*(Kx). 
Therefore, if P. is a (minimal) projective resolution of Kg., then 

is a (minimal) projective resolution of K^. 

Now we give a more detailed outline of the paper. In Section we make 
a (fairly simple) extension of Eilcnbcrg machinery on perfect categories to the 
case of T-graded algebras. Most results are valid only for positive monoids, that 
is for submonoids of non-negative elements in an ordered group. 

In Section 11.21 we define the skew product A x r B of a T-graded algebra 
A and T-algebra B over the monoid T. If T is a group G and A is the group 
algebra K[G], then K[G] «g B is isomorphic to the usual skew product of B 
with G. For every £?-module N we construct an exact functor 

- Kp N: 1f(A,T) — ► "«f(A Kr B,T), 

and establish conditions for — x r iV to preserve (minimal) projective resolutions. 

Section 11.31 is an overview of results of homological algebra, which we use 
after. In particular, we recall the notions of strong idempotent ideal and of 
heredity ideal and some of their properties. 

Section [1.41 is the central section of the first part of our work. Here we prove 
a criterion for Ker (<fix) to be a strong idempotent ideal. 

In Section 12.11 we prove the results about compositions, multi-indices and 
orderings on Z", which we use later on. 

The Schur algebra S(n,r) and its Borel subalgebra S + (n,r) as well as the 
algebra 2l„ (K) are considered in Sections 12.21 and 12.31 respectively. 

Finally, in Section [2^41 we prove that Ker is the strong idempotent 

ideal and that G(A(n,r)) ^ S + (n,r). 

1 Skew product over monoids and strong idem- 
potent ideals 

1.1 Graded rings and modules 

In this subsection we recollect results about graded algebras and graded mod- 
ules, that were essentially proved in Eilenberg's paper [9]. 

Let r be a monoid with neutral element e and A a T-graded associative 
algebra, that is 

A = ^ A 7 , 

7er 
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where A 1 is a subspace of A, for each 7 G T, and if ai G ^4 7l and 02 £ A 72 then 
aia2 G A 7ll2 . We will assume in addition that the unity of A is an element 
of 

A left A- module M is T-graded if M = (J) M 7 , where each M 7 is a vector 

subspace of M, and for a G A 7l and m £ M 72 we have am G M 7l72 . 

We will consider the category A-T-gr of left T-graded A-modules and A- 
module homomorphisms respecting grading, that is a map of A-modules / : Mi — > 
M 2 is in A-T-gr if f(M ln ) C M 2 , 7 for all 7 G T. Define the radical rad(A) of 
A as the intersection of all maximal graded left ideals of A. We also use the 
notion of ungraded radical Rad(v4) of A, which is defined as the intersection 
of all (not-necessarily graded) maximal left ideals of A. In the following, we 
determine the conditions under which rad(A) and Rad(v4) coincide. 

Definition 1.1. We say that the monoid T is positive, if it has the property 
7172 = e => 71 = e and 72 = e. 

Lemma 1.2. Let T be a positive monoid and A a T-graded algebra. If m is a 
maximal graded left ideal of A, then 

m = m e © ffi A 7 

where m e is a maximal left ideal of A e . 

Proof. Let n be a maximal left ideal of A e containing m c . It is clear, that 

n! = n @ @ A 7 

7#« 

is a T-graded left ideal of A and that m c n'. Since m is maximal, it follows 
that m = n' . In particular, n — m t . □ 

Corollary 1.3. Suppose T is positive. Then © 7 ^ e A 7 is a subset o/rad(A). 

Proof. By Lemma [L~2l ffi_._^ A 1 is a subset of each maximal graded left ideal of 
A. □ 

Corollary 1.4. Let V be a positive monoid and A a T-graded algebra. If m 
is a maximal graded left ideal of A, then m is a maximal left ideal of A in the 
ungraded sense. 

Proof. Since ® 7 -^ e A y is an ideal of A, we have a surjective homomorphism 
A — > A t . As m e is a maximal ideal of A e , the left A-module A e /m e is simple. 
But then A e /m t is simple as an A-module. Since A t /m t = A/m, we get that 
m is a maximal left ideal of A. □ 

Corollary 1.5. Suppose T is positive, then rad(A) = Rad(A e ) ©0 7 ^ e ^4 7 - 
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Proof. The radical rad(A) is a graded ideal of A, thus 

rad(A) =0rad(A) 7 . 

Since by Corollarv l 1 . 31 £f) . _± c A 1 is a subset of rad(A) we have that rad(A) 7 = Ay 
for 7^e. Thus it is enough to check that r&d(A) e = Rad(A)- 
Let to be a maximal left ideal of A- Then 

to' = m © ^ Ay 

is a maximal graded left ideal of A. Now 

rad(A) e = rad(A) n A e c m! n A = to. 

As m was an arbitrary maximal left ideal of A and Rad(A) is the intersection 
of all such left ideals, we get that rad(A) e c Rad(A)- 

Now, let m be a maximal graded left ideal of A. Then by Lemma rOl 

TO = TO £ © Ay, 

where m e is a maximal left ideal of A . Therefore 

Rad(A) C to £ C m 
and since to was an arbitrary maximal graded left ideal of A 
Rad(A) C rad(A) (lA e = rad(A) e . 

□ 

For 7 G F we denote by ^(7) the left T-graded module, defined by 

^(7)7' : = A i'i 

and the action of A is given by multiplication: 

A 71 © A( 7 ) 72 -» A( 7 ) 

7172 

a>x © a 2 i-» aia 2 . 

Definition 1.6. We call a direct sum of modules of the form ^(7) a free Y- 
graded Amodule. A direct summand in the category of T-graded Amodules of 
a free F-graded Amodule is called a projective Y-graded A-module. 

Let P be a projective T-graded Amodule generated by a single element 
x ^ of degree 7 G Y. Let F be a free F-graded module with a basis consisting 
of an element y of degree 7. Then there is an epimorphism tf>: F — > P, such 
that 4>y — x. Since P is projective, it follows that Ker(</>) is a direct summand 
of F. Consequently there exists an idempotent e G A e such that P = Aex. The 
degree 7 of a; is uniquely determined by P. 
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Definition 1.7. A left T-graded A-module is called quasi-free if it is a direct 
sum of projective modules each of which is generated by a single (homogeneous) 
element. 

In the following we assume, that 

• the monoid T is positive; 

• the ring A = A/ rad(A) = J 4 e /Rad( J 4 e ) is semi-simple; 

• each idempotent in A can be lifted to A e . 

Following Eilenberg [9] we say that the subcategory ^ of A-T-gr is perfect if 

(i) is full. 

(ii) If 0: M — > N is an epimorphism and M G c € then N 6 e if. 
(hi) A elf. 

(iv) If P is quasi-free and P/rad(A)P e ^, then P eft. 

(v) If M e C <S and rad(A)Af = M, then M = 0. 

Suppose c € is a perfect subcategory of A-F-gr. 

Definition 1.8. An epimorphism <j>: P — * M in ^ is called minimal if P is 
projective and Ker(</>) C rad(A)P. 

Proposition 1.9. Every M e admits a minimal epimorphism <fr: P — > Af. 
J/ </)' : P' — ► M is another minimal epimorphism, then there exists a homo- 
morphism n: P — > P' smc/i t/ia£ i^V = 0, and eac/i smc/i homomorphism is an 
isomorphism. 

Proof. The proof is word by word repetition of the proof of 0| Proposition 3] , 
with understanding that all N-graded modules have to be replaced by T-graded 
modules. □ 

Suppose further, that ^ satisfies the additional condition 

• If M e c € and N C M, then N e <i. 

Then, as usual, by iterating the minimal epimorphism construction we get 
for each M e a projective resolution 

> P n H P„_! ->■••* P o -^M-»0, 

such that lm(di) C rad(A)Pj for i = 0, 1, This projective resolution is called 

minimal. 

The following two results are formal consequences of the definition and 
Proposition II. 91 For proofs the reader is referred to [9l Proposition 7 and The- 
orem 8]. 
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Proposition 1.10. Let P m and P, be minimal projective resolutions of a module 
M £ 'ia . Then there exists a map f: P m — » P' t over the identity map of M and 
each such map is an isomorphism. 

Theorem 1.11. Let M £ c (o and let P m be a projective resolution of M . Then 
P, decomposes into a direct sum P, = P, <3) W t of subcomplexes such that P, is 
a minimal projective resolution of M , while W is a projective resolution of the 
zero module. 

From now on we restrict ourselves to the case when T is an ordered monoid 
and the neutral element e of T is the least element of T. Note that all such 
monoids are positive, since 



A T-graded A-module M is said to be locally finitely generated if M is 
generated by a set X of (homogeneous) elements such that the sets X n M 7 are 
finite, for all 7 G T. 

Theorem 1.12. The category ^(T, A) of all locally finitely generated T '-graded 
left A-modules is a perfect subcategory of A-T-gr. Lt is closed under taking 
subobjects if and only if A e is a left Noetherian ring and each Ay is finitely 
generated as a left A e -module. 

Proposition 1.13. Let A be a finite dimensional T-graded algebra. Then the 
ungraded radical Rad(A) of A coincides with the graded radical rad(A) of A. 

Proof. From Corollary 1 1.41 it follows that Rad(A) is a subset of rad(A). 

We shall show, that rad(A) is nilpotent. Since Rad(A) is a maximal nilpotent 
ideal of A, we shall get that rad(A) = Rad(A). 

By Corollary [L5l we have rad(A) = Rad(A e ) © 7 ^ e A 1 . Denote by N the 
ideal (J) 7 ^ e A 1 . Then N is nilpotent. In fact, we show, that if dim(A) = n, then 
the product of any n + 1 elements of N is zero. Clearly, this should be checked 
only for homogeneous elements. Let ao, ai, . . . a n be a sequence of homogeneous 
elements from N. Suppose, that for each i the element ai is from A li . Then, 
since each 7^ > e we have a strictly increasing sequence 



7i £ , 72 7^ e => 7i > e, 72 > e => 7i72 > e => 7i72 ^ e. 



7o < 7o7i < • ■ • < 7o7i ■■■In- 



As A is n-dimensional one of the n + 1 spaces 




-7071 > 



...,A 



-7071 ■■■ 7. 



should be zero. In particular, one of the products 



a. 



'70 ' u 7o u 7l ' ' * * ' u 7o u 7l 



. . . a. 



'7t 



is zero. Thus a^a-,, . . . a-v =0 and iV n+1 = 0. 
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Denote Rad(A e ) by M. For any natural numbers k , ■ ■ ■ , fc n +i, we have 

M ka NM kl . . . M kn NM k " +1 = 

(M ka N) (M kl N) . . . (M kn ~ l N) (M kn NM kn+1 ) C N n+1 = 0. 

As Rad( J 4 e ) is a nilpotent ideal of the algebra A e , there is m, such that 
(Rad(A e )) m = M m = 0. Then 

n-1 

(M + N) nm+n = Y^ M ko NM kl ...M kl - 1 NM kl = 0, 

(fcp,...,fc;):^ kj—nm+n—l 

since in each summand at least one fc^ is greater than m. □ 
1.2 Skew product over monoids 

We say that an algebra B is a T-algebra, if there is a given right action 

r: B x T -> S 
(6, 7 )~& 7 

such that for each 7 G T the map 

£ -> £ 

is an algebra homomorphism. 

Let A be a T-graded algebra. We define the interchange map T : B ® A — > 
A®B by 

i? ® A 7 — > A 7 ® 5 
6 (8> a 7 1— > a 7 ® 6 7 

and a binary operation m on i ® B by 

Denote the vector space A® B with the binary operation m on it by A \k v B. 
Proposition 1.14. A t<r B is an algebra. 

Proof. We have to check that e^iKie^ is a neutral element with respect to m and 
that m is an associative operation. This follows from the following computation 

eA <8> es ® a 7 6 1— ► <S> a 7 ® e]j ® 6 a 7 <g> 6, 

a 7 ® 6 (§} ® a 7 ® ® 6 e e_e >-> a 7 <8> 6 
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and 

fl 7l ® h <g o 72 <g> 6 2 <g a 73 (g 63 1 a 71 a 72 (gi &7 2 6 2 <g a 73 (g 63 



Ct-y-^ Ci-y2 ^"^3 



a 7l (g 61 (g a 72 a 73 (g frj 3 ^ 1 ** a 11 a l2 a l3 ig bj^b^b^. 

□ 

Note, that the embedding A — > ^4 k r -B given by 

a 1 — > a (g 

is a homomorphism of algebras. In the following we will consider the elements 
of A as elements of A «r B through this embedding. 
The algebra A Kr B is itself L-graded. In fact 

Ak t B = ^{A 1 ®B). 

Let TV be a 73-modulc and M = © 7er M 7 a T-graded A-module. We define a 
(j4 Kr 73)-module structure on M ig N as follows 

a 7l (g & <g to 72 0BH a 7l m 72 ig 6 72 n 

for all a 7l G A 7l , b e B, m 72 e M 72 and n £ TV. We denote this module by 
M K r TV. This is a L-graded module, with (M K r iV) 7 = M 7 (g iV. 

Let 93 : Mi — > M 2 be a homomorphism of L-graded A-modules and ip : Ni — > 
7V 2 a homomorphism of 75- modules. We denote by <p x r ip the map 

Mi K r Ni —> M 2 K r N 2 
m (g n h-> i^(m) (g 

Proposition 1.15. 77ie map Kr ?/> *s a homomorphism ofT-graded A K r -B- 
modt//es. 

Proof. Since for all m 7 G (Mi) 7 , the element (/?(m 7 ) is an element of (M2) 7 , it 
follows that (fi Kr^(m 7 ®n) = </?(w 7 ) (g VK 72 ) is an element of (M 2 ) 7 ® TV. Thus 
tp Kr V' preserves the L-grading. 

That < ) 5Kr'0i saj 4 |>< r 5-homomorphism follows from the following compu- 
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tation 



® 6 72 n 



0(a 7l m 72 ) ® ^(b l2 n) 



a 7l <g> 6 ® ip(m l2 ) <g> l *■ a 7i ( / ; '( m 72) ® b l2 ^{n) 



where a 7l G Ay, and m 79 G M, 



□ 



It follows from these results that the correspondence 

(M,AT) i — > M k p iV 

gives a bifunctor from the categories A-r-gr and £?-mod to the category (A K r 
B)-r-gr. In particular, for each S-module iV we have the functor — Kr N from 
the category AT-gr to the category (i Kr £>)-r-gr. This functor is obviously 
exact, since it is just a tensor product with N on the level of underlying vector 
spaces. 

Proposition 1.16. Suppose, that T acts by automorphisms on B. Let Fa be a 

V -graded free A-module, and Fb a free B-module. Then the module Fa Kr Fb 
is a T- graded free A Kr B-module. 

Proof Let {v a a G /} be a T-homogeneous Abasis of Fa and {wp \ /3 G J} a 
_B-basis of Fb- We shall show, that {v a <S> wp \ a G I, (3 G J} is a T-homogeneous 
A ix r B-basis of Fa k r Fb . 

First we show that each element in Fa «r Fb can be written asaiKrB- 
combination of elements from {v a <g> wp \ a G I, (3 G J}. Clearly, it should be 
checked only for elements of the form u (£> v with u G A and v G B. Since 
{w a | a G /} is a basis of A we can write u as a linear combination 



with x a G A. Since {wp \ (3 G </} is a basis of B we can write v as a linear 
combination 



0eJ 

with yp G £?. Denote by j a degree of u a . Recall, that T acts by automorphisms 
on B and therefore the map 7 _1 : _B — > B is well defined for all 7 G T. Then 






aG//3GJ 
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Now, we show that the set {v a ® Wp \ a E I, (3 G J} is linearly independent 
over A Kr B. Let {ag} be a homogeneous K-basis of A, and {6 M } a K-basis of 
B. Since T acts by automorphisms on B, for each 7 G T there are elements 6^ j7 
such that 7(6 M , 7 ) = &/i and the set {6^,7} is a K-basis of B. Thererfore, for each 
7 G T the set {ag ® & Ml7 } is a K-basis of A Kp B. Suppose, that 

X X] Ka ^ va ® w = °' 

where Kq,^ G A Kp B. Then there are elements r) a ,/3,e,n of K such that 

Ka,j3 — X X Va^fi^ae ® ^,7, ■ 

Thus 

= ^ ^ Kq„3^a ®W/3= ^ ^ Va,f3,e :f i(ae ® V 7 J(^q ® Wff) 
a£l f3e,J a£I,/3GJ 6,fj, 

Since {ag?; a } is a K-basis of Fa and {fr^u^} is a K-basis of Fb, it follows, that 
{aew Q <8> fr^u^} is a K-basis of Fa «r Fg. Therefore, all r\ a ^fi^ are zero and 
consequently all k q ,/3 are zero. 

□ 

Proposition 1.17. Suppose, that V acts by automorphisms on B. Let P be a 

T-graded projective A-module, and N a projective B-module. Then the module 
M Kr N is a T-graded projective A Kr B-module. 

Proof. Since P is a T-graded projective A-module, it is a direct summand of a 
free module Fa over A. We denote the corresponding inclusion and projection 
T-graded A-module homomorphisms by ip and irp respectively. Analogously, 
since iV is a projective B-module, it is a direct summand of some free -B-module 
Fb- We denote the respective inclusion and projective homomorphisms by iN 
and 7tjv. Then we have maps 

i: M K r N -► Fa «r Fb 

m (gin >—> «mW ® ijv(wi) 

and 

7r: Fa *r Fb -> M k f AT 

/ ®0l-> 7T M (/) ®nN(g)- 

The maps « and 7r are T-graded A Kr B-module homomorphism by Troposi- 
tion ll,15l It is obvious that ixoi = Imk v n- Thus, M Kr N is a direct summand 
of Fa x r Fb . But by Theorem 11.161 the module Fa k r F^ is a free T-graded 
4 Kr B-module. 

□ 
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Let N be a projective B-module. Then Proposition 11.171 shows, that the 
functor — Kr N preserves projective resolutions. Note, that it does not map in 
general a minimal projective resolution into a minimal projective resolution. 

Proposition 1.18. Suppose that T acts by automorphisms on B. If A e = K 
and Rad(-B) = 0, then 

rad(A K r B) = rad(A) K r B. 

Proof. Note, that A e k r B is a subalgebra of A k r B and it is isomorphic to the 
usual tensor product of algebras A e (g) B. By Corollary ll.5[ we have 

rad(A Kr B) = Rad((A K r B) e ) © 0(A K r B) 7 

= Rad(A e ©B)ffi ^0A 7 j K rB 

= Rad(K <g> B) © rad(A) Kr £> = rad(A) K r S. 

□ 

Corollary 1.19. Suppose A t = K and Rad(S) = 0. Let <f>: Mi -> M 2 be 
a homomorphism of V -graded A-modules. Suppose, that lm(0) C rad(A)A/ 2 . 
Then for any B-module N , we have 

lm(0 K r N) C rad(A K r B)(M 2 K r iV). 

Proof. We have 

lm(0 Kr AQ = lm(0) K r iV C rad(A)M 2 K r N. 
From Proposition II . 18l we have 

rad(A Kr B)(M 2 K r N) = (rad(A) k B)(M 2 K r JV). 
As r acts by automorphism on B, for every 7 £ T we have B 7 = B. Therefore 
(rad(A) k 5)(M 2 K r N) = rad(A)M 2 K r BN = rad(A)M 2 K r N. 

□ 



1.3 Strong idempotent ideals 

Let A be an algebra and / a two-sided ideal of A. In this section we give 
an overview of results from [3] concerning the inclusion functor A/ 1 — mod — > 
A — mod. 

We always have a map </? x Y : Ext I A / I (X, Y) — » Ext^(X, Y) for i > and X, 
y in A/ 1 — mod, induced by the canonical isomorphism <fP x : Hom^//^, Y) — > 
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Rom A (X,Y). Analogously, there are maps ip XY : Tatf(Y,X) -> ToTf fI (Y,X) 
for i > and X left and Y right A/ 1- module, induced by the canonical isomor- 
phism Y ($a X = Y <8>a/i X. In [4, Proposition 1.2 and Proposition 1.3], there 
was proved the equivalence of the following properties for I a two-sided ideal of 
an algebra A and k a natural number: 

(i) 4> l x Y '■ Ext\tj(X, Y) — > Ext\(X,Y) is an isomorphism for all X, Y in 
A/ 1 — mod and all 1 < i < k. 

(ii) Ext^(A/7, Y) = for all A/I-module Y and all 1 < i < k. 

(iii) xjj XjY : Torf 7/ (X, F) -> Torf(X, Y) is an isomorphism for all X in (A/J) op - 
mod and F in A/7 — mod and all < i < k. 

(iv) Torf (A/I, Y) = for all F in A/7-mod and all 1 < % < k. 

(v) if Y is an A/i-module and • • • — ► Pi — * Po - * F — > is a minimal 
projective resolution of F in A — mod, then 

Pfe/PPfc -> ► Po/IPo -» F -» 

is the beginning of a minimal projective resolution of F in A/J-mod. 

Definition 1.20. If one of the above conditions holds, we say that I is a k- 
idempotent ideal. If the conditions hold for all k £ N, then we say that I is 
strong idempotent ideal. 

We have the following obvious property of fc-idempotent ideals 
Proposition 1.21. If 

l c h c • • • c k c A 

is a chain of ideals in A, such that for all j the ideal Ij/Ij^i of A/Ij_i is 
k -idempotent, then I\ is k -idempotent ideal of A 

Note that from [U lemma 1.4(a) and Proposition 4.6] follows that an ideal 
I is 1-idempotent if and only if / = AeA for some idempotent e£i. 

Proposition 1.22. Let e G A be an idempotent. An ideal AeA is 2-idempotent 
if and only if the map induced by the multiplication in A 

Ae ® e Ae eA -> AeA 

is an isomorphism. 

Proof. It follows from [H lemma 1.4(b), and Proposition 4.6]. □ 

Definition 1.23. Let e £ A be an idempotent. An ideal I — AeA is called an 
heredity ideal if 

(i) erad(^l)e = 0; 
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(ii) / considered as a left A-module is projective. 

Proposition 1.24. Suppose that I = AeA and I a is projective as an A-module. 
Then I is a strong idempotent ideal. 

Proof. It follows from the definition of strong idempotent ideal and [6l State- 
ment 3]. □ 

Corollary 1.25. If I is a heredity ideal, then I is strong idempotent. 

Proposition 1.26. An ideal I = AeA is a heredity ideal if and only if 

(i) I is 2-idempotent; 

(ii) erad(^)e = 0. 

Proof. It follows from 6, Statement 7]. □ 

Corollary 1.27. If I = AeA is 2-idempotent, and erad(A)e = 0, then I is 
strong idempotent. 

1.4 Criterion of heredity 

In this section T is always an ordered positive monoid and A a T-graded algebra. 
Let 5 be a T-set, that is a set where T acts by endomorphisms. Set B = 
Maps(5, K). Then B is a T-algebra and we can consider the skew product 
algebra 

C = A Kr B. 

For simplicity, if a G A and b £ B we will sometimes write ab for the element 
a Cg) b of C. For each subset X of S there is an idempotent in C 

, . fl ifxeX 
XX{X) = \0 iixtX. 

Define the algebra C(X) by 

C(X) = C/CxxC, 

where X denotes the complement of X in S. In this section, we will prove some 
general results concerning the algebras C(X). 

We say that T acts on effectively, if 71 x ^ 72 x for all x € S and all 71 7^ 72 
from r. From now on we will assume, that T acts effectively on S. We introduce 
a partial order on S, by 

x <r y 37 G r : y = jx. 

Definition 1.28. We say that X C S is convex if for all x,y G X it contains 
all z G S which lie between x and y. 
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Proposition 1.29. Let X be a convex subset of S. Then 

C(X)=xxCxx- 
Proof. Note, that we always have a surjective homomorphism 

* -XxCxx -> C(X) 
a®b^ [a ® b] . 

Let x,y G X and suppose that y = jx for some 7 G T. Then 
XyCxx c Xx = (xv a iXza2Xx\l = 7271,2 = lix,z e X,a x e A J1 ,a 2 £ A l2 ) . 

But if z lies between 2 and y, then z£l and the above set is empty. Therefore 
the restriction of tt on Xy^Xx is injective, and since 

XxC\x = XyCXx, 

x,yeX 

the map 7r is injective. □ 

Corollary 1.30. Let J be a homogeneous basis of A and Y a I '-convex subset 
ofS. Then 

{axy\a e J; y,deg(a)y e Y} , 

is a basis of CiY). 

Let X C Y be two subsets of S. Then we have a surjective homomorphism 

C(Y) -f C(X). 

We give a criterion for projectivity of C(X) over CiY). 

Suppose A — A\ <g> A 2 is a product of two T-graded algebras, that is 

A i= ® (^i) 7l ® (A 2 ) 72 . 
7=7172 

For « = 1,2, let I\ be submonoid of T such that for 7 ^ 1^ the space (^4i) 7 is 
zero. Denote by Ci the skew product Ai Kr 4 B. 

Theorem 1.31. Let J\ and J 2 be homogeneous bases of A\ and A 2 , respectively. 
Suppose that there are subsets I y of J 2 for each y e Y, such that the set 

{a®x v \a £ I y , ye Y} 

is a basis of C 2 (Y) and the set 

{ai»2 ® Xx\ai € Ji, a 2 e I y , y £ Y, deg(aia 2 )y G y} 

is a 6asis 0/ C(F). Denote by Z the difference Y\X and by e the idempotent 
Xz ofC(Y). If ' 
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(i) T 1 XDY = X; 
(ii) T 2 ZC\Y = Z, 
then 
ft) 

C(Y)e ® eC{ Y)e eC{Y) S C(Y)eC(Y); 

(ii) the set 

{a x a 2 ® Xx\a\ e Ji, a 2 £ I x ;x, deg(a 2 )a;, deg(aia 2 )a; e X} 
is a 6asis ofC'(X). 
Proof. For z = l,2 denote by Cj(y) the algebras 

The proof of the theorem is a consequence of the following two lemmata. 
Lemma 1.32. The set 

J = {a x a 2 <g) Xi/K S Ji, a 2 £ J 9 , ye y, deg(aia 2 )y £ F, deg(a 2 )y G Z} , 

is a &aszs o/C(y)eC(y). 

Proof. Note, that every element of J is an element of C(Y)eC{Y). In fact, 
denote deg(a 2 ) by 7, then 

aia 2 ®Xy = ai® X-yy ' «2 S C(y)x 7 2/C(y) C C(Y)eC(Y). 

Moreover, J is a subset of a basis of C{Y). Thus, it is enough to check that J 
generates C(Y)eC(Y). It is clear that C(Y)eC(Y) is generated by the set 



J = < 



a[a 2 ® Xz • aia 2 ® Xy 



ai,a[ e J 3 ; 

a 2 £ I y ,a' 2 £ I z ; y £Y 
Aeg(a' 1 a' 2 )z £ Y 
deg(aia 2 )y = z £ Z 



Let a' x a! 2 ® Xz ' a i a 2 ® Xy be an element of J. Denote by 7$ the degree of (Zj. 
Then 7i7 2 y is an element of From the conditions of theorem it follows, that 
z = l2V is an element of Z. In fact, assume z £ X, then 71 z e X and thus 
7i72|/ € X. Contradiction. 
Now, the product 

a[a 2 <g> Xz<H = a[a 2 ai <g> 
can be written as a linear combination of elements 



a"a 2 ® X2 
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with a'{ G Ji, a 2 E I z , since the set 

{aia 2 ® x*K e Ji, a 2 E I y , y E Y} 
is a basis of C(F). And the products 

a'2 ®Xz-a 2 ®Xx = a'2 a 2 ® Xz 
can be written as linear combinations of a 2 ® Xx> where a 2 " G 7 X , since the set 

{a® Xy|a €l y , ye Y} 
is a basis of C\(Y). Moreover, in each case, 

deg«)y = deg(a 2 ') deg{a 2 )y = deg(a' 2 r )z' ET 2 ZnY = Z 

and 

deg(a") deg(a 2 ")y = deg(a") deg(a 2 ')z' = deg(a' 1 a 2 ) deg(ai)z' = dcg(a' 1 a 2 )z G Y. 

Thus every element of J can be written as a linear combination of elements from 
J. □ 

Lemma 1.33. The set 

I = {(ax ® Xz) ® (02 ® Xj/)|oi S Ji, a 2 G /„, deg(a 2 )y = z E Z, deg(aia 2 )y G Y} 
is a basis of C(Y)e ® e c(Y)e eC(Y). 

Proof. It is clear that all elements of I are elements of C(Y)e ® e c(Y)e eC(Y). 
Since tt(I) = J is a basis of C(Y)xzC(Y), it follows that the elements of I are 
linear independent. We show, that every element of C(Y)e ® e c(y)e e C(Y) can 
be written as a linear combination of elements from I. 

It is clear that C(Y)e ® e c(Y)e e C(Y) is generated by the set 



= j( a i a 2 



>Xz) ® (01 02) ® Xy 



a[,ai E Ji;a 2 G 4; a 2 G /„; 
y EY;z = deg(aia 2 )y G Z 



Now a\a 2 ® = fl i ® Xy' ' °2 ® 2/ and y' E Z, because otherwise 

z = deg(ai) deg(a 2 )y = deg(oi)j/' G r x X n Y = X, 

that contradicts to the condition 2 G Z. Therefore a\ ® Xy' = Xz " a i " Xy' is an 
element of eC(Y)e. Thus 

(aia 2 ® Xz) ® (aia 2 ® Xy) = Ka' 2 a i ® Xy') ® (a 2 ® Xy)- 

Now a^a^ai ® \y' can be written as a linear combination of elements of the 
form a'[a 2 ® Xy': with al[ E J\ and a 2 E I y >. Since y' E Z, we have that 
deg(a 2 ')y' G T 2 Z n Y = Z. Therefore, a' 2 %, E eC(Y)e and 

(a" a' 2 ' ® Xy') ® (02 ® Xy) = [a'l ® Xy') ® (a 2 a 2 ® Xy)- 

Now, since {«2®Xyl a 2 G I y , y E Y} is a basis of C 2 (Y) , we can write a 2 a 2 ®Xy 
as a linear combination of elements of the form a 2 '®Xy, where a 2 " G 1^, moreover 
deg(a 2 '> = deg(a 2 ') deg(a 2 )y = deg(a 2 ')Xy' E T 2 Z (~)Y = Z . □ 
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From two previous lemmata it follows that ir gives a bijection between the 
basis I of C(Y)e ® e c(Y)e e C(Y) and the basis J of C(Y)eC(Y). Therefore it is 
an isomorphism. 

The last claim of the theorem follows from the description of bases of C(Y) 
and C(Y)eC(Y). 

□ 

Corollary 1.34. Under the same conditions as in Theorem \ 1.311 suppose Z = 
{zi, 2 2 , ■ ■ ■ , z m ) and 

(i) i < j, if Zi <r 2 zj; 
(ii) j < i, if Zi < Fl zj. 

Denote by Xk the set X U {z\, . . . , Zk} and by e/. the idempotent \ Zk in C(Xk). 
Then the ideal C(Xk)ekC(Xk) is 2-idempotent. 

If additionally Rad(A e ) = 0, then C'(Xk)ekC(Xk) are heredity ideals and the 
ideal C(Y)xzC(Y) is strong idempotent. 

Proof. We shall prove corollary by induction on m. For m = 1 the claim follows 
from Theorem 1 1.3 II 

Suppose we proved corollary for all m < N — 1. We shall prove it for m = N . 
Let us check that we can apply Theorem ll.31l to the sets X' = XLi{zx, . . . , Zzv-i} 
and Z' = {zn}. We have r 2 Z' DY = Z' . Suppose that this does not hold, then 
there exists 7 £ T such that 72^ £ Y and jzn 7^ 2/v- Then, since T 2 ZC\Y = Z, 
we have "/z^ = Zj for some j < N. But zn <r 2 7 z -/v = zj, that should imply 
N < j. Contradiction. Thus T 2 Z' n Y = Z' . 

Further T1X 1 n Y = X'. In fact, suppose there is y £ X' and 7 £ Ti such 
that 7?/ = z^r. Since TiX n Y = X, we have y £ Z, that is y = Zj for some 
j < N —1. But then Zj = y <pj 72/ = £/v and therefore N < j. Contradiction. 

From Theorem 1 1 . 3 1 1 wc get 

(i) C(X N )e N C(X N ) = C{Y)e N C{Y) is a 2-idempotent ideal; 

(ii) the algebra C(X N _x) = C(X') has a basis 

J = {aia 2 ®Xx\ai £ J\, a 2 £ I x ; x, deg(a 2 )x, deg(aia 2 )x £ Xy_x}. 

For all x £ Xn-i denote by I x ' the set 

{a\a £ 7 X , deg(a)a; ^ z N } . 

Then 

J = {aia 2 <8>Xz| a i S Ji,a 2 £ lj\ x, deg(aia 2 )x £ Xat_i} . 
We have C*2(Y)eArC 2 (Y) = e N C 2 (Y). Therefore 

{axx\a £ I x ;x,deg(a)x ^ z N } = {a\ x \a £ 4', £ £ -XiV-i} ■ 
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is a basis of the algebra C 2 {X m -i) ■ Denote by Z" the set {z\, . . . , zn_\}. Since 

t 2 z" n x N _! = t 2 z" n r n Xjv_i = zn = z", 

we can apply the claim of corollary to the set Xjf-i = X\\Z" with m = AT — 1. 
Now, suppose that Rad(A e ) = 0, then 

e k R&d(C(X k ))e k = R&d{e k C{X k )e k ) = R&d(e k Ce k ) = Rad(A e ) = 0, 

since e k Ce k = Xz k CXz k — A e . Now the claim follows from Corollary 1 1 . 271 and 
Proposition [Oil □ 

Theorem 1.35. Let T be a commutative positive monoid. Suppose that the 
T-graded algebra A can be decomposed as the tensor product A\ ® A 2 <S> ■ ■ ■ A 
such that for all 1 < i < j < m 



rn ; 



A,j = Ai® A i+1 ®---<2>Aj 

is a T-graded subalgebra of A. 

Let Ji be a V -homogeneous basis of Ai for 1 < i < m, and Y — YiTLi a T- 
convex subset of S . Denote by Yj the set Z\ JJ ' ' ' LI Zj and by ej the idempotent 

If there are submonoids of T such that 



(i) the subalgebra Ai is Ti-graded, that is, for all 7 £ T \ T,; the space (A;) 7 
is zero; 

j 

(ti) TjZi n Y C II Z k for 1 <i < j < m; 

k—i 

(Hi) TiYj R y = Yj for 1 <i < j < m; 
then for each 1 < j • < m — 1 the natural map 

C(Y j+1 ) ej ® ej c(Y i+1 ) ej ejC(Y j+1 ) -» C(Y j+1 ) ej C(Y j+1 ) 

is an isomorphism of vector spaces. 
Moreover, for 1 < j <m the set 



a\02 ■ ■ ■ a m x y 



a k £ Jfe, 1 < k < m; y £ Yj 
deg(a k a k+ i . . . a m )y £ Yj, j <k <m 



is a basis of C(Yj). Suppose additionally that Rad(^4 e ) = and that on each set 
Zj, j > 2 there is an ordering <,-, satisfying 

(i) z <j z' if z <T; z' , for all i > j; 

(ii) z >j z' if z z' , for all i < j. 
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Then the ideals C(Yj)ej-iC(Yj), for j > 2 are strong idempotent. 

By Proposition \1. 2 1\ we have also that the ideal C{Y)xz 1 C(Y) of C(Y) is 
strong idempotent. 

Proof. We prove the theorem by induction on n. The case m = 1 is proved in 
Corollary \TM 

Suppose the claim of the theorem holds for all m < N. We then prove it for 
m = N + l. 

Decompose Y as the disjoint union of N sets Y2, Z3,..., Zm+i- Denote by 
Ti2 the submonoid of F generated by Fi and T2- Then A12 is a T^-graded 
algebra. We claim that the conditions of the theorem are satisfied for the same 
set Y and the same algebra A and 

(i) m = N; 

(ii) Z[ = Y 2 , Z 2 = Z 3 , . . . , Z' N = Z N+1 ; 

(iii) A[ = A12, A' % = A 3v . . , A' N = A N+ i; 

(iv) ri = ria,r / 2 = r 3 ,... > r JV = r JV+1 . 

In fact 

are subalgebras of A by the hypothesis of the theorem. Now, for j > i and i 7^ 1 

i+i 3 

VjZinY = r j+1 z i+1 nY c U z k = l[z k , 

jfe=i+l k—i 

r'^J n y = r i+1 Y j+1 n y = Y j+1 = Yj. 

For i — 1 and j > 1 we have j + 1>2 and therefore 

r' J z[ n y = r i+1 y 2 n y = r J+1 [z x uz 2 )nr 
c (r i+1 Zi n Y) u (r,- +1 z 2 n y) 

c ]j z k u n ^ = 11 z' k . 

k=l k=2 k=l 

Note, that T[Z' 1 C\Y C Z( is equivalent to I^y/nY C y/. Thus it is only needed 
to check that for i = 1 and j > 1 we have r^Y^'ny = Y^'. Or in other words, that 
r 12 y,-+i n Y = Y j+1 . Note, that TiY j+ i n Y = Y j+ i and T 2 Y j+1 n y = y j+ i by 
the condition of the theorem. Now, we use T-convexity of Y. Let 7 £ T^. Then 
7 can be written as a product 7172 with 71 G T± and 72 G r 2 . Let y S ij+i be 
such that 72/ € y. Then we have 

2/ <r 722/ <r 71722/ = 72/- 
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Since both y and jy are elements of Y and Y is T-convex, the element j 2 y lies 
in Y. Now 

j 2 yer 2 Y j+1 nY = Y j+1 , 
iv = 71(722/) e riy, + i n Y = Kj+i. 

Thus T 12 Y j+1 =Y j+1 . 

Therefore, from the induction assumption for 2 < j < N the natural map 

C(Y j+1 )ej ® ej c(Y j+1 ) ej ejC(Y j+1 ) - C(Y j+1 ) ej C(Y j+1 ) 

is an isomorphism. If the additional ordering assumptions are satisfied for sets 
Z 2 , Z3, . . . ,Z^+i and monoids r 2 , r 3 ,. . . , Tjv+i then they are automatically 



satisfied for sets Z 2 

r', = rv 



Z<i, Z'^ — Z4, . . . ,Z' f 



Zn + i and monoids Y' 2 = r 3 , 
, T' N = rjv+i- Therefore, in that case, the ideals C(Yj)ej-iC(Yj) 
for 3 < j < N are strong idempotcnt. 

Returning to the general case, we now explore the consequences of the in- 
duction hypothesis on bases. Since {a\a 2 \ax G J\,a 2 G J 2 } is a homogeneous 
basis of Ai 2 , the sets 



8 t e4 1 < k < N + 1 

deg(a k a k+1 . . . a N+1 )y G Yj, j < k < N + 1 



a\a 2 . . . a,N + iXy 
are bases of C(Yj) for 3 < j < N + 1, and the set 



(aia 2 )a 3 . ..a N+1 x y 



a k e J k , l<k<N + l 

deg(a fc a fc+ i . . . a N+ i)y G Y 2 , 3 < k < N + 1 
dcg((aia 2 )a 3 • • • a N+1 )y G Y 2 



is a basis of C(Y 2 ). 

Let (aia 2 )a,3 . . . a,N + iXy be an element of the last set. Denote by z the 
element deg(a 3 . . . ajv + i)y. Then z G Y 2 . We have 

z < deg(a 2 )z < deg(ai) deg(a 2 )2: = deg(a\a 2 )z. 

Since z and deg(aia 2 )z are elements of Y 2 , which is a subset of Y, and Y is 
F-convex, it follows that deg(a 2 )z is an element of Y. Now 

deg(a 2 )z G T 2 Y 2 n Y = {Y 2 Z X H Y) U (r 2 Z 2 D Y) C (Zi U Z 2 ) U Z 2 = Y 2 . 

Therefore the above basis of C(Y 2 ) can be written as 



(aia 2 )a 3 . . .a N+1 x y 



a k G J k , 1 < k < N + 1 
ye Y 2 

deg(a fc a fe+ i . . . aAr + i)y GY 2 , 1 < fc < iV + 1 



Now, the algebra A 2 ^n with the decomposition A 2 (g> A 3 ® . . . Ajv+i, sub- 
monoids Y,-, 2 < j < TV + 1 and decomposition Y 2 ]J Z3 ]J • " II Zn+i of Y 
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satisfy the conditions of the theorem for m = N . By the induction hypothesis 
we get that the set 



a 2 a 3 ■ ■ ■ ajv+iXy 



a-k G Jk, 2 < k < N + 1 

yeY 2 

deg(a k a k +i ■ ■ ■ a N+1 )y £Y 2 , 2 < k < N + 1 



is a basis of C 2 ,n+i(Y 2 ) = (A 2 ,n+i x r B)(Y 2 ). 
For each y e Y 2 denote by I y the set 



|a 2 a 3 . . . ajv + i 
Then the set 



a k £ Jk, 2 < fc < N + 1 

deg(a fe a fe+ i . . . ajv+i)y G Y2, 2 < fc < iV + 1 



cii £ J\\a £ I y 
y £ y 2 ;deg(aia)y £ Y 2 



is a basis of C(Y 2 ) and the set 

{axy\ a£l y ;y£Y 2 } 

is a basis of C2,jv+i(^2)- 

Denote by ^jv+i the submonoid of T generated by r 2 , rV+i- Then 
^4 2 ,iv+i is r 2 ^jv + i-graded algebra. We have 

T 1 Z 1 nY 2 C T 1 Z 1 DY = Zl 

Next we show that T 2 ^+\Z 2 t~)Y 2 = Z 2 . Let 7 £ r 2l jv+i and z £ Z 2 be such 
that "fz EY 2 . Since V is commutative, we can write 7 as a product 7at+i . . .72, 
where each 7 S belongs to some Z s . Then we have 

z <r I2Z <r 7372Z <r • • • <r jz. 

Since both elements z and jz lie in Y and Y is T-convex it follows, that element 
7s ... 72 z belongs to Y. Now 

7 2 z £ T 2 Z 2 DY = Z 2 , 

7372Z e r 3 z 2 ny c z 2 uz 3 , 
7473722 g r 4 (z 2 u z 3 ) n y c z 2 u z 3 u z 4 . 

Proceeding this way, we get 



In particular 



7s ■ • -722 G Y[ Z k- 

k=2 

JV+1 

7Z G ]J Z fe . 

fe=2 
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But, since z G Y" 2 = Z\ U Z 2 , this means that 72 G Z 2 . Thus 

Therefore, we can apply Theorem 11.311 to the decomposition A = A\ <g> j4 2j jv+i 
of ^ and Y 2 = ZiU Z 2 . Note that ei = \z 2 £ C(F 2 ). Therefore 

c(y a )ei ® eiC (^ )ei c(f 2 ) -> c(r 2 ) ei c(y 2 ) 

is an isomorphism. Moreover, if Rad(j4 e ) = 0, and there is an ordering < 2 on 
Z2 such that 

(i) z <r, z' ^> z < 2 z', for all t > 2; 

(ii) z <rj z' ^> z >2 z', 
then 

z <r 2 , N z ' z <2 

Hence , we can apply Corollary 11.341 and get that the ideal C(Y 2 )eiC(Y 2 ) is 
strong idempotent. 

Now, returning to the general case, the set 

{aiaXyK G Ji;a G I y ; y, deg(a)y, deg(aia)y G Yi} = 



aia 2 . . . cln+iXv 



afc G Jk, 1 < k < N + 1 

y, deg(a 2 . . . a N+ i)y, deg(ai . . . a N+1 )y G F 

deg(a fe a fe+ i . . . ajv+i)y G F 2 , 3<fc<iV + l 



is a basis of C(-Zi) = C(Fi). Let a\ . . . aw+iXy be an element of the last set. 
We know, that 



deg(a fc . . . a N+ i)y G Y 2 , for 3 < k < N + 1. 



Assume, that 



deg(a fc . . . a N+1 )y G Z 2 , 

for some k. Then 

deg(a 2 . . . a N+ i)y = deg(a 2 . . . a k -i) deg(a fe . . . a N+1 )y eZifl (T 2:A r + iZ 2 ). 
But 



^1 n (r 2iA r + iZ 2 ) =^ny 2 n (r 2iJ v +1 z 2 ) = Zi n z 2 = 

deg(a fe . . . a N+ i)y G Zi, for all k 



Thus, 

and the set 

aia 2 ■ ■ ■ a,N + iXy 
is a basis of the algebra C(Fi) 



afc G Jk, 1 < k < N + 1 

y^Y, 

deg(a k a k+ i . . .a N+1 )y G Yy, 1 < k < N + 1 



□ 
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2 Application to Schur algebras 



In this section we apply the technique developed in the previous section to the 
problem of constructing (minimal) projective resolutions for simple modules 
over the Borel subalgebra S + (n,r) of the Schur algebra S(n,r). We start with 
a short overview of Schur algebras. 

2.1 Results on combinatorics 

We shall use the following combinatorial notions. 

Definition 2.1. A partition A of r is a sequence A = (Ai, A2, • • ■ ) of non-negative 
weakly decreasing integers Ai > A2 > • • ■ > such that — r - The set of 

all partitions of r is denoted by A + (r). The Ai are the parts of the partition. If 
An+i = \ n +2 = • • ■ = 0, we say A has length at most n. The set of all partitions 
of length at most n is denoted by A + (n,r). 

Dropping the condition that the Ai are decreasing, we say that A is a com- 
position of r. The set of all compositions of r is denoted by A(r). The set of all 
compositions of r of length at most n is denoted by A(n, r). 

There is a natural ordering on the set A(r): 

Definition 2.2. (Dominance order) For A,/i 6 A(r), we say that A dominates 
ji and write A > /i if 

3 3 

i=l i=l 

for all j. 

Restricting, we get the dominance order on A(n,r). Now, let Z" be the 
n-dimcnsional lattice over the ring of integer numbers. We can consider A(n, r) 
as a subset Z™. We extend the dominance order from A(n, r) to Z™ by the 
following definition 

Definition 2.3. (Dominance order) For z,z £ Z n , we say that z dominates z 
and write z > z if 

3 3 

i=l i=l 

for all j. 

Let ^> n be the submonoid of Z" generated by the vectors Vi — fj+i, where 
{pi I 1 < i < n} is the standard basis of Z™. Then acts effectively on Z™ 
by bijections if we define 72: := 7 + z. The partial order <* n introduced in 
Section [L4j now becomes 

z <*„ z iff z — z £ ty n . 
Proposition 2.4. The dominance order on Z™ coincides with <* n . 
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Proof. It is clear that for any z G Z" and any z between 1 and n — 1 : 

z + - > z. 

Thus z >\z n z implies z > z. 

Let z and z g Z" be such that z > z. Denote by kj the difference 

3 3 
i=l i=l 

Then for all j the number kj is positive. It easy to see, that 

ra-l 

z - z = ^ fcj(vj - v j+1 ) e *„. 

Thus z z. □ 

It is clear that (r, 0, . . . , 0) and (0, . . . , 0, r) are the maximal and minimal 
elements of A(n, r) with respect to the dominance order, respectively. We denote 
by A 1 (n, r) the smallest ^„-convex subset in Z" containing (r, 0, ...,0) and 
(0, . . . , 0, r). Then A 1 (n, r) contains A(n, r) but does not coincide with it, since 
z G A 1 (n,r) can have negative coordinates. 

Proposition 2.5. For a// z G A 1 (n,r) we /laue z\ > and 

n 

H Z < = r ' 

i=l 

Proof. Since z dominates (0, . . . , 0, r) we have 

i 

J> >0 

i=l 

for all j G {1, 2, . . . , n — 1}. In particular, zi > 0. Moreover, 

n 

^ Zi > r. 

i=l 

Since z is dominated by (r, 0, . . . , 0) we have 

n 

^ Zi < r. 

Thus the claim of proposition is proved. □ 
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We denote by A k (n,r) the subset of A 1 (n,r) of all z such that z\ > for 
all i e {1, 2, . . . , fc}. Then A'(n, r) C A k (n, r) if Z > k and A"(n, r) = A(n, r). 
Denote by M k (n, r) the difference A fe_1 (n, r) \ A fc (n, r). Then 

M k (n,r) = {(z 1 ,...,z n )\zi > 0, . ..,z fc _i > 0,z fc < 0, z e A^^r)} . 

Denote by ^> n ,k the submonoid of \I> n generated by the elements Vi — Vk for all 
i e {1, 2, . . . , A; - 1}. Note, that *„ ;fe n = {0}, if k ^ Z. Further, let 

$n,fc = *n,2 + *n,3 + ' ' ' + *„,fc 

and 

©n,fc = "JVfc+l + *n,fe+2 H 1- *n,n- 

Note, that <J>„ !fc n Q n ,k = {0} for all k G {2, 3, . . . , n}. 

Next we will introduce an order <k on M k (n,r), satisfying 

(i) zi <$„ fc z 2 =>■ z\ <k z 2 ; 

(ii) 21 <e„, fc z 2 zi > fc z 2 

for zi, z 2 e M fc (n,r). For this let <; ea; denote the lexicographic order on Z™. 
Define the map 

</> fe : Z" Z" +1 
/ 

27 Z\, Z 2l • • • , Zfc— i, Z n , Z n _i, . . . , Zk-\-l 

y^fc i=fc+i 
Define the order <^ on M fc (n,r) by 

z< fe z' = fc (z) < ;ex fc (z'). 
Proposition 2.6. ITie order satisfies the above stated properties: 
(i) zi fc z 2 zi < fc z 2 ; 
(ii) zi < e „ fc z 2 zi > fc z 2 . 

Proof. Note, that <& nj fc is generated by the vectors Vi — Vj, with i < j < k. To 
prove the first property it is enough to check that for all z e M k (n,r) 

<p k (z) <iex 4> k {z + v t - Vj), iii<j<k. 

But (f> k is a linear map and <i ex is compatible with addition. Thus, it is enough 
to check that 4> k (vi — Vj) >i ex 0. For j < k we have 

^ k (v t - Vj ) = (0, 0, 0, . . . , 0, 1, 0, . . . , 0, -1, 0, . . . , 0) > lex 0. 

Further 

<j> k (v t - V k ) = (1,...) >lex 0. 
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The monoid & n _k is generated by the vectors Vi — Vj with i < j and fc+1 < j < n. 
To prove the second part of the proposition it is enough to check that 

4> k {Vi -Vj) <lex 0. 

For i < k < j we have 

k (v i -v j ) = (O,-l,...)< lex 0. 

For k < i < j we get 

<f> k (Vi-Vj) = (0,0,0,..., 0,0,..., -1,...) <i ex 0. 

Finally 



: (v k - Vj) = (-1,...) <lex 0. 



□ 



Denote by I(n, r) the subset oiW consisting from the elements i = 12, ■ ■ ■ , i r ), 
such that ik € {1, 2, . . . , n} for all k between 1 and r. 

Definition 2.7. We write i < j for i, j £ I(n, r) if v < j<j for all a, 1 < a < r. 

Denote by S r the permutation group on {1, 2, . . . , r}. The group S r acts on 
I(n, r) by the rule 

m = (V(i), . . . ,V( r )) (i € /, 7T G S r ). 
Then we can extend the action of S r on /(n, r) 2 by 

(i, j)7r = (injir). 

We denote by f2(n, r) the set 

€l{n,r) xl(n,r)\i< . 



Definition 2.8. We say that a composition A = (Ai, . . . , A„) is the weight of 
i e /(n, r), written A = wt(i), if 

A„ = |{pe {l,2,...,r}|i„ = i/}| 

for all v £ {1, 2, . . . , n}. 

It is clear that if i < j, then wt(i) > wt(j). For A,,u e A(n, r) such that 
A > let 

0(A,/x) = {(iJ) G ^O^) x |i < j, wt(i) = A, wt(j) = lAj^ ■ 

We denote by T(n, r) the set of upper-triangular n x n-matrices over N such 
that the sum of all its entries is r. Let 



T{\n) = \K={k ap )l p=1 



^fc CTp = A CT , ^2k ap = n p , cr,pe {l,2,...,n} \. 

p=a <r=l ) 
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Proposition 2.9. For i,j £ I(n, r) such that i < j and a,p £ {1,2,..., n}, set 
t{hj)a, P = #{t 6 {1,2, . . .,r}\i T = a, j T = p} . 

Then the map 

t: {(i,j) £ I(n,r) x I(n,r)\i<j, wt(i) = A, wt(j) = /x} -> T(A, /x) 
induces a bijection between f2(A,zx) and T(A,/x). 

Proof. Since i < j, we get that for a > p the number t(i,j) a . p — 0. Moreover 

n n 

^2t(i,j) ap = ^]#{tS{1,2,.. . ,r}|i T = a, j T = p} 

p—(7 p—(7 

= #{re{l,2,... ! r}|v = a} 
= wt(i) ff = X a 

and 

p p 
5^t(i,j)a„ = JI#{ T e {1.2,...,r}|i T = ff ) ir = p} 

<T=1 cr=l 

= #{re {l,2,...,r}| Jr =p} 
= wt(j) p = /x p . 

Thus the image of t lies in T(A,/x). It is clear that t is S r -invariant. Thus i 
induces a map from f2(A, p) to T(A, /i). For K = (fco-.p) g T(A, /x) we set 

*= (l Al ,2 A2 ,...,n A ") 

and 

j = (l fcll ,2 fel2 ,...,n fel ",2' £22 ,...,n' £ ""). 

Then i < j and t(i,j) atP — k a , p . Thus i is surjective. Moreover, each pair (i',f) 
of multi- indices, such that t(i',j') = K, can be transformed to with the 
appropriate element of E r . Thus i is injective. □ 

Corollary 2.10. There is a bijection between Q(n, r) and T(n,r). 

Proof. In fact, fl(n, r) = U AI > M 0(A, p) and T(n, r) = U A > M ^(A, /x). By Propo- 
sition [2T9] there is a bijection between sets Q(A, xx) and T(A, /x) for all A > /x. □ 



2.2 The Schur algebra S^n, r) and the Borel subalgebra 

S + {n, r) 

In this section we follow pH HH US] . 

Let IK be an infinite field (of any characteristic) and V the natural module 
over GL n (K) with basis . . . ,v n }. Then there is a diagonal action of GL n (K) 
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on the r-fold tensor product V® r . With respect to the basis {«j = Uj 1 <g> • • • ® 
Vi r : i € 7(n,r)}, this action is given by the formula 

gVi = gv i± ® • • • ® sw ir . 

We denote by r rhr : GL„(K) = GL(F) — ► EndR^® 1 ") the corresponding repre- 
sentation of the group GL„(K) = GL(V). 

Definition 2.11 ([TO])- The Schur algebra Sk{ti, r) is the linear closure of the 
group {T n , r (g) ■ 9 6 GL n (K)}. 

Let us denote by B+(K) the subgroup of GL„(K) consisting of the upper 
triangular matrices. 

Definition 2.12 ([TT]). The upper Borel subalgebra S^(n,r) of the Schur al- 
gebra Sk(n, r) is the linear closure of the group \j n<r {g)\g G B^(K)}. 

We denote by the linear transformation of V® r whose matrix, relative 
to the basis {vi : i S I(n,r) } of V® r , has 1 in place and zeros elsewhere. 
Define 

Ci.j = Cinj-K- 

Proposition 2.13 ([U Thm. 2.2.6]). TTie set 

{^|(U)e ( J (».»-)x/(n,ry Er )j 

is a K-basis of S(n,r). 

The next statement was proved in [111 §§3, 6]. 

Proposition 2.14. The algebra S^(n,r) has a'K-basis : G f2(n,r)j. 

2.3 Universal enveloping algebra of s/+ and Kostant form 

Denote by s?+ the lie algebra of upper triangular nilpotent matrices. Let 2l„(C) 
be its universal enveloping algebra over C. We shall consider sl+ with the 
standard basis {ejj | 1 < i < j < n}. Then 2l„(C) is generated as an algebra by 
the elements ei,2, e2,3, . . . , e n ~i,n- 

We order the elements in such way, that < eyy if and only if 

>lex (/,*')• 

In other words, 

ei2 > ei3 > e 2 3 > • • • > e lk > e 2 fc > • ■ ■ > e fc _i !fc > • • ■ > e n _i „. 
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We always assume that in the product [[ e Cj the generators increase from the 



left to right, with respect to the above order. For example, if n = 3 and 

Oil 
(*y)ij=i = I 2 







then 



n« 

i<3 



It follows from the Poincare-Birkhoff-Witt Theorem, that the set 



n 



ha 



l<i<j<n 



is a C-basis of 2t„(C). Denote by the element of the algebra 2l„(C). 

We define 2l„(Z) to be the Z-sublattice of 2l„(C) generated by the set 



n« 

i<j 



Proposition 2.15. T/ie set 2l„(Z) is a subring of 2l n (C). In oi/ier words, 
Wi n (Z) is a X-algebra. It is called the Kostant form of the universal enveloping 
algebra 2l„(C) over Z. 

Proof. For a proof see P~2J Lemma 2 after Proposition 3] and jT2] Remark 3] 
thereafter. □ 

Definition 2.16. For any field K, the algebra 2l„(K) := K (g>z 2l„(Z) is called 
Kostant form of the algebra 2l n (C) over K. 

Define a degree function on B„, by 
deg: B„ -> 

i<j i<j 

This makes 2l„(K) into a ^n-graded algebra. We define subset B n /. of B„ by 



•>n,k ■ — 



n 

vi<fe 



e («<: 



I G N 



Remark 2.17. Let 2l ni fe(K) be the K-vector subspace of Sl n (K) generated by 
B„, fc . Then 



a n (K) a n ,„(K) ® K 2i n ,„_i(K) ® K ■ • • <g> K a„, 2 (K) 
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as K- vector spaces, since 

s„ 

Note that each 2l nj fc(K) is graded over ^ n ,k, since deg(B n! fc) C ^ n ,k- For 
I > k denote by 2ln,i,fe(IK) the tensor product 

2l„,;(K) ® K 2l„,i_i(K) ®k ■ ■ ■ Ok On,fc(K). 

It is a subspace of 2l„(K) with the basis 

x B n> j_i x • • • x B n>fe . 

Proposition 2.18. For a// 1 > k, the space Sl^^K) is a subalgebra o/2l„(K). 

Proof. Let g be a Lie subalgebra of sZ+. Then, from Poincare-Birkhoff-Witt 
Theorem, it follows, that 11(g) is a subalgebra of 2l„(C). Note, that 

0i,k =C(eij\i <j,k<j< I) 

is a Lie subalgebra of sZ+, since 



&i f j i j 
otherwise. 



Thus it(fl;,fc) is a subalgebra of 2l„(C). But now, it follows from the definition 
that 

su,i,fc(Z) =ii( fli;fc )n2i„(Z) 

and, therefore, 2l ni ; ; fc(Z) is a subalgebra of 2l n (Z). Since the property "to be 
subalgebra" "commutes" with the functor K ®z — , it follows, that 2l n ,z,fcQK) is 
a subalgebra of 2l„(K). □ 

2.4 Main results 

Define B n to be the algebra of all K- valued functions on Z™. Then ^ n acts on 
i?„ by shifts 

P(z) :=/(«- 7 ). 

We consider A(n, r) as a subset of Z™. Denote by % the indicator function 
of A(n, r), that is 

1, 7 G A(n, r) 
0, 7 ^A(n,r). 



X(7) 



Then x is an idempotent in the algebra B, and therefore e = l<a„(K) ®X is an 
idempotent in the algebra £„(IK) := 2l„(K) £?. Denote by e the idempotent 
1 - e in 2l n (K) x r B. 
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Theorem 2.19. The ideal £„(K)e £ n (K) of £„(K) is strong idempotent and 
the set 



A, /i € A(n,r), A > //, (fey)^ =1 £ T(A,/x) 



is a 6aszs 0/ 



£„(A(n,r)) = £ «( K )/ £„(K)e £„(K) 
Proof. We will apply Theorem II. 351 to the situation 

(i) A = 2t„(K); 

(ii) m = n — 1; 



,l(K)i 



(iii) Ai = Stn.nOK), A 2 = a„,„_i(K), 

(iv) Ji = B nj „, J2 = B n) „_i, . . . , J„_i = B nj i; 

( v ) Ti = r 2 = ^„,„-i, . . . , r n _i = *„ 4 ; 

(vi) y = A^n, r); 

(vii) Zi = A(n, r), Z 2 = M ra_1 (n, r), . . . , Z n _i = M 2 (n,r) with the orderings 
<t- considered in Proposition 12.61 on them. 



Let us check that the conditions of Theorem 11.351 are satisfied: 

(i) The monoid ty n is commutative. 

(ii) By Proposition ^. 18[ the subspaces 

Aij = Ai®A i+ i® - ■ -®Aj = %n,l,k(&) tor I = n + 1 — i and k = n + 1 — j 
are subalgebras of A = 2l„(K) for all 1 < i,j < n. 

(iii) The algebras 2l„,fc(K) are 'J/^fc-graded, since deg(B„.fc) C ^ n ,k- 

(iv) Let j > i and I = n + 1 — j and k = n + 1 — i. Then 

TjZi D y = *„jAf fc (n, r) n A x (n, r) 
f (-1 



1 



Z\ > 0, . . . , Zfc-i > 0, Zfc < 0; 
G A 1 (n,r);fc T e N 



If Z = k, then the last set coincides with M k (n,r) and therefore 



YjZj ny = Af fc (n,r) 
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If I < k, then 



l-i 



^k T (v T - vi); 



zi >0,...,z k -i >0,z k < 0; 
z, z' G A x (n, r); fc r G N 



4 > 0,.. .,3^ > 0,z ; ' < 0; 

^ +1 >o,...,4^>o,4<o 

z' G A 1 (n,r) 
. «i>0 > ...,2f_ 1 >0,z, / >0; 

U^' ^'+i>o,...,4-i>o,4<o 

z 1 e A 1 (n,r) 

C M ; (n, r) U M fc (n, r) = Z t . U Z,- C JJ Z T . 



(v) Let / = n + 1 - j. Then Y,- = Z\ U Z 2 LI • • • U Zj = A l (n, r). Hence for 
i < j and k = n + 1 — i 



TiYj n Y = * n ,hA l (n, r) n A x (n, r) 



fc-i 



^ fcr(fr - Ufe); 



zi < 0,z 2 < 0,...,z ; <0; 
z,z' G A^n.r);^ G N 



A ( (n, r) 



since k > I, and therefore the first / coordinates of z', which are obtained 
from the first I coordinates of z upon addition of ~\ k T (v T — Vk), are 
positive. 

(vi) The radical of Aq = K is zero. 

(vii) The orders <k on M k (n,r) satisfy the additional conditions of Proposi- 
tion! 



Therefore an ideal £„(K)e C„(K) is strong idempotent, and the set 

( a k GB„,jb, 2<Kn-l;/(€A(n,r) 

\ anan - 1 ■ ' ■ ° 2X " fi + deg(a fe a fc -i . . . a 2 ) G A(n, r), 2 < k < n 

is a basis of £ n (K)(A(n, r)). Let a n a n -\ . . . a^Xii be an element of I. Since 
deg(aj) G ^nj, there are fey G No, such that 



Let 



3-1 

Mj - ^3 
»=i 
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for j = 1,2, ... , n. Note that kjj is the j-th coordinate of z } ■ = /j, + deg(aj) + 
deg(aj_i) + • • • + deg(a2). Since Zj e A(n, r) it follows, that kjj E No for all j. 
Define A, = Y?j=i hj- Then (%)"i=i e T ( A ^)- Thus I C J. 

Now, let rii<j e ij be an element of J. Then (fcij is an element of 
T(A, for some \> ^. We set 

IK"' 

for j € {2,3, ... , n}. Then a.,- is an element of B„ j. Now, for all k < j, we have 
that the j-th. coordinate of fi + deg(aj,) + • • • + deg(ci2) is the same as in //, and 
thus it is positive. For k = j, this j-th coordinate is equal to 

Mj — fey = fey ~ feu = kjj — 0- 

i=l i=l z=l 

For fc > j the j-th coordinate of /j + deg(a/c) + • • • + deg(a2) is 

j-l k k 

\lj - fey + ^ feji = ^ fe/j > 0. 

i—l i—j 

Therefore, for every fc, the element ^ + deg(dfc) + • • • + deg(a 2 ) lies in A(n,r). 
Therefore Jcl □ 

Theorem 2.20. The algebra £„(A(n,r)) is isomorphic to the Borel subalgebra 
S + (n, r) of the Schur algebra S(n, r). 

Before we prove the theorem let us explain how we can use it to construct 
minimal projective resolutions of the simple S + (n, r)-modules. 

Suppose, we have constructed a \l/ n -graded (minimal) projective resolution 
P, of the trivial module M over the algebra 2l„(IK). For each A G A(n,r) 
we denote by N\ the one dimensional £?„-module, such that fv = f(X)v for all 
v G N\ and all / £ B n . Then, by Proposition fTTTl and CorollaryO! P.tx^ n N x 
is a 'J'n-graded (minimal) projective resolution of the module M N\, since 
N\ is a projective B n -module, 2l„(K) = K and Rad(_B„) = 0. Now, the 
complex 

£ n (A(n,r)) ® Cb(K ) (-P. x*„ N x ) 
is a (minimal) \E „- graded projective resolution of the module 

£ n (A(n,r)) ® £n( K) (M k*„ A^ a ) * K A . 

Since (£ n (A(n, r)) = <S + (n, r) is a finite dimensional algebra, by Proposition ll.131 
the complex 

£ n (A(n,r)) ® £ „ (K) (P. x*„ A^) 

is a (minimal) projective resolution of the S + (n, r)-module in the ungraded 
sense. 
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Proof. In this proof we will use the notation introduced in the beginning of 
Section [2T2l For simplicity we will write u for the element u (8> Is of (£ n (K). 

Let {et- | 1 < k < n} be a basis of V. Denote by E^ an endomorphism of V 
given by Eij(ek) = o~jk£i- Define a representation p r of 2l„(IK) on V® r by 

Pr ( e ijJ («1 ® * •• ® «r) = 

= ^ «i ® • • • ® E^ {v ai ) <g> • • • <g> Eij (v a2 )®---®Eij (v ak ) ■ ■ ■ ® v r . 

Cl < f2 < ■ ■ ■ < dk 

For A G A(n, r), write £a for £i t i, for any i G J(n, r) such that wt(i) = A. Extend 
to € n (K) by 

Pr(a)£,\ ifAeA(n,r) 
otherwise. 



It is clear that p r [x ^( n rj ) = ^' Therefore p r is a representation of the algebra 
(£ n (A(n, r)). Note, that the image Im(p r ) of p r is a subalgebra of End(V® r ). 

First we show that the image Im(r r ) of r r = r„. r is a subset of the image 
Im(/9 r ). The group B+(K) is generated by the elements of the form / + pEij, 
where I is the identity matrix, p 6 K and i < j. It is easy to check, that 

T r (I + pE U ) = J2 ( 1 +^) A '6= 51 (l + /*)V0tt)- 
AeA(n,r) AeA(n.r) 

Suppose i < j. Then 

T r (I + pEij){V\ ® ■ ■ ■ ® V r ) — (vi + pEijVi) ® ■ ■ ■ ® (v r + pEijV r ) 

r 

= ^p k p r (^ &) ) («i »•••»«,.). 

fc=0 

This shows, that Im(r r ) C Im(p r ). 

Thus S + (n, r) is a subalgebra of Im(p r ), and therefore it is a subquotient 
of (£ n (A(n, r)). Now we use the fact that both algebras have bases that are in 
bijection with the finite set T(n,r) (see Proposition 12.141 and Theorem I2.19|) . 
Therefore, they have equal dimensions and are isomorphic. 

□ 
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